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Structure of this paper

Number of Number of Working Percentage
: . ) X Marks
Section gquestions guestions to time available of
available be answered | (minutes) examination
Section One:
Calculator-free £ £ B e £
Section Two:
Calculator-assumed 13 13 100 98 65
Total 100

Instructions to candidates

1.

The rules for the conduct of examinations are detailed in the school handbook. Sitting this
examination implies that you agree to abide by these rules.

Write your answers in this Question/Answer booklet.

You must be careful to confine your response to the specific question asked and to follow
any instructions that are specified to a particular question.

Additional working space pages at the end of this Question/Answer booklet are for
planning or continuing an answer. If you use these pages, indicate at the original answer,
the page number it is planned/continued on and write the question number being
planned/continued on the additional working space page.

Show all your working clearly. Your working should be in sufficient detail to allow your
answers to be checked readily and for marks to be awarded for reasoning. Incorrect
answers given without supporting reasoning cannot be allocated any marks. For any
guestion or part question worth more than two marks, valid working or justification is
required to receive full marks. If you repeat any question, ensure that you cancel the
answer you do not wish to have marked.

It is recommended that you do not use pencil, except in diagrams.

The Formula sheet is not to be handed in with your Question/Answer booklet.

See next page
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Section Two: Calculator-assumed 65% (98 Marks)

This section has thirteen (13) questions. Answer all questions. Write your answers in the spaces
provided.

Working time: 100 minutes.

Question 9 (6 marks)

X
(@) The point P(—3,5) is translated by the column vectors [_27] and [y] to P'(9,—11).
Determine the values of the constants x and y. (2 marks)

T -]

b=l 151 5]

[y = 5]

Specific behaviours
v value of x
v value of y

(b) Determine the single matrix that represents, in order, the composition of a rotation of 30°
anti-clockwise about the origin followed by reflection in the line y = x. Express matrix
coefficients in exact form. (4 marks)

Solution

|y

0 1] [cos30 —sin30]
1 0 sin30 cos 30

[r——
[\.)| él N =
S — |

|
N

Specific behaviours
v" matrix for rotation
v" matrix for reflection
v/ multiplies in correct order
v’ correct matrix

See next page
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Question 10 (6 marks)
An exam has two sections, I and I/, containing 7 and 14 questions respectively.

Determine the number of different combinations of questions a candidate could choose if they
must answer

(@) 2 questions from Section I and 3 questions from Section I1. (2 marks)

Solution
(Z) (134) = 21 x 364
= 7 644 ways

Specific behaviours
v’ uses multiplication of combinations
v’ correct number

(b) 5 questions, all chosen from the same section. (2 marks)
Solution
7\ (14 7\ (14 _
(0)(5)+(5)(0)_2002+21
= 2023 ways

Specific behaviours
v uses addition of combinations
v’ correct number

(© 5 questions, with at least one question from each section. (2 marks)

Solution

(251) = 20349

20349 — 2023 = 18 326 ways

Specific behaviours
v’ calculates total ways, no restriction
v’ subtracts answer from (b)

See next page
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Question 11 (6 marks)

(a) A circle property says that if chords of a circle are of equal length then they subtend equal
angles at the centre.

0] Write the converse of this statement. (2 mark)

Solution
If chords of a circle subtend equal angles at the centre
then they are of equal length.

Specific behaviours
v/ writes converse

(i) Draw a diagram to illustrate the converse statement and state whether the

converse is also true. - (2 marks)
Solution

AVA

Converse is true.
Specific behaviours

v diagram

v’ states converse true

(b) The diagram below shows four points 4, B, € and D lying on the circumference of a circle.
The line PQ is a tangent to the circle at A, 2BDC = 21°, £PAD = 35° and £QAB = 62°.

Determine the size of angles x, y and z. (3 marks)

P A .Q

Solution
x =180 — (180 — 35 — 62) = 97°

y =180 —97 — 21 = 62°

z = £PAD = 35°

Specific behaviours
v'v'v each angle

See next page
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Question 12 (9 marks)

(@)

(b)

If p=4i— 2jand q = 3i + 2j determine

0] the angle between the directions of p and q, to the nearest tenth of a degree.
(2 marks)

Solution
Using CAS angle is 60.255 = 60.3° (1dp)

Specific behaviours
v states angle
v rounds correctly

(i) the scalar projection of q on p. (2 marks)

Solution

v/ 3% 4+ 22 x cos(60.255)

~ 1.79

Exact: 4?‘/5

Specific behaviours
v’ expression for projection
v states value

The vector 21i + 5aj has a magnitude of 29 and is perpendicular to the vector 4i — 2bj.
Determine the values of the constants a and b, where a < b. (5 marks)

Solution
212 + (5a)? = 292
a==4

(21)(4) + (5a)(=2b) = 0
84 — 10(+4)b = 0

.
710
_ . o, A
a="% - 710

Specific behaviours
v’ uses magnitude to form equation
v calculate values of a
v' uses dot product to form equation
v calculate values of b
v’ chooses correct pairing

See next page
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Question 13

(@)  Prove that sin34 = 3sinA4 — 4sin3 A.

SPECIALIST UNITS 1 AND 2

Solution

LHS

sin 34
sin(4 + 24)
sin A cos 24 + cos A sin 24

sinA (1 — 2sin? A) + cos A (2 sin A cos A)
sin4 — 2sin® A + 2sin A (1 — sin? 4)

3sind —4sin® A
RHS

Specific behaviours

v expands sum of A and 2A

v" uses double angle identity for cos2A
v" uses double angle identity for sin2A
v’ expands and simplifies

(b) Hence, or otherwise, solve 3sinA4 — 4sin3 A4 = % 0<4<

T
>
Solution
1
in34 ==
Sin >
34 = T 51
66
A= T 51
~ 18’18

Specific behaviours

v’ one correct solution
v all solutions within required domain

See next page

(6 marks)
(4 marks)

(2 marks)
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Question 14 (7 marks)
(a) Point R lies on the circumference of a circle with diameter PQ = 51 cm, so that PR = 4RQ.
Determine the exact length RQ. (3 marks)
Solution
R
P Q

Let RQ = x, then x? + (4x)? = 512

x =3V17 cm

Specific behaviours
v' diagram
v’ uses Pythagoras' Theorem
v states length

(b) Use a vector method to prove that the angle in a semi-circle is a right-angle. (4 marks)

C

Let OC = cand OB = b.

Solution
AC=b+c
BC=c—b

AC-BC=(Mm+c¢)-(c=b)
= |c|?> = |b]?

=0, as |c| = |b| = radius

Hence ZACB = 90°

Specific behaviours
v vectors for AC, BC
v’ forms scalar product
v’ simplifies scalar product, with reasons
v’ concludes angle is right

See next page
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Question 15

In the diagram below, forces F; and F, act on a body at the origin.

(@)

(b)

Solution _

Fr = /502 + 652 — 2(50)(65) cos 126
Fgp =102.7 N

sin @ _ sin126

65  102.7
6 = 30.8°

¢ =22°—-30.8°=-8.8°

Specific behaviours

v" sketch with forces nose to tail
v’ uses cosine rule for magnitude
v/ states magnitude

v’ uses sine rule for angle

v states angle with x axis

Solution
F F,
a F, B
_,(75% +155% — 952
* = ( 2(75)(155) >
a=275°

(957 41552 — 757
B = cos 2(95)(155)
B =214°

Specific behaviours

v" sketch with resultant on x axis
v' uses cosine rule for angle
v/ uses sine or cosine rule for second angle

See next page
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(8 marks)

If ;, =50N, F, =65N, a =22°and = 32°, determine the magnitude of the resultant
force and the angle it makes with the positive x axis.

(5 marks)

If FF =75 N and F, = 95 N, determine the angles a and 8 so that the resultant force is
directed along the positive x axis and has a magnitude of 155 N.

(3 marks)
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Question 16 (10 marks)
(@  The graph of y = cos(a(x + b)) + c is shown below for 0 < x < 2.

Y
2
1.5
/7 \ /7 \
1
/ \ / \ / \
0.5
/ \ / \ / \ s
b 2 T 4 5t 2m
s ™
-1
Determine the value of the positive constants a, b and c. (3 marks)
Solution
_3 b= T M T _ 1
=2 "3 12" % ST2
Specific behaviours
v’ value of a, v value of b, v value of ¢
(b) On the axes below, sketch the graph of y = 2 cosec(x — ), 0 < x < 2. (3 marks)
Y
" ! I
\ /
8
\ /
] \ /
A /
. /
) ~__ -
X
T giis 3 2/
_2 ’/ 4 ‘\ 4
4 / \\
-6 Solution
/ \\ See graph
-8 [ \ Specific behaviours
I \ v' asymptotic behaviour
-10 v locations of max/min
1 l v' smooth curve

See next page
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(© The displacement, x cm, of a particle from a fixed point O varies with time, t seconds,
according to the model x = 4 sin(3wt) — 7 cos(3mt) ,t = 0. Determine

0] the initial displacement of the particle from 0. (2 mark)

Solution
x=-7

Specific behaviours
v’ correct value

(i) the exact amplitude of the motion. (2 mark)

Solution

A =42 +72=65cm

Specific behaviours
v’ correct value

(i) the period of motion. (1 mark)
Solution
p 2r 2
“3m 3

Specific behaviours
v’ correct value

(iv)  the first time that the particle passes through 0, rounded to two decimal places.
(2 mark)

Solution
t=0.11s

Specific behaviours
v’ correct value

See next page
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Question 17 (9 marks)
Triangle ABC has vertices A(1,2), B(4,—1) and C(5, 3).

(@) The vertices ABC are transformed to A’B’C’ using matrix [_01 2] Write down the new
coordinates of the vertices and describe the transformation. (4 marks)

Solution
—1 -1 - —
0 (1)][; —41 g]:[zl —[1} 35]

A'(-1,2),B'(—4,-1),C'(=5,3)

Transformation is a reflection in the line x = 0.

Specific behaviours
v matrix product
v’ writes coordinates of vertices
v’ states reflection
v states equation of line of reflection

(b)  The vertices ABC are transformed to A" B"'C"" by matrix M so that the new coordinates of
the vertices are A"'(—4,3), B"'(2,12) and C"' (-6, 15).

0] Determine the transformation matrix M. (3 marks)

Solution
MB —41]: _34 122]
_ -1
M:[34 122]B —41]

o i

Specific behaviours
v writes matrix equation
v’ post-multiplies by inverse
v determines M

(i) If the area of triangle ABC is k square units, express the area of triangle A”B"'C"" in
terms of k. = (2 marks)
Solution
M| =6

New area = 6k

Specific behaviours
v determinant of M
v’ expresses area

See next page
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Question 18 (7 marks)
(a) How many numbers must be chosen from the set of integers between 1 and 2017
inclusive to be certain that one of the numbers chosen is a multiple of 10. (3 marks)
Solution

201 multiples of 10 between 1 to 2017.
Require 2017 — 201 = 1816 pigeonholes.

Hence must choose 1 817 integers.

Specific behaviours
v states # of multiples in set
v" one pigeonhole for every non-multiple
v’ uses pigeonhole principle to add one

(b) A number is formed using four different digits chosen from those in the number 23 814.
Determine how many different numbers can be formed that are

0] even. (1 mark)
Solution
n(A) =3x4x3x2=72

Specific behaviours
v’ states number

(i) greater than 8 000. (2 mark)

Solution
n(B) =1x4x3x2=24

Specific behaviours
v’ states number

(iii) even or greater than 8 000. (2 marks)

Solution
n(ANB)=1x2x3x2=12
n(AUB) =72+ 24—12 =84

84 numbers

Specific behaviours
v’ calculates number even and greater than 8 000
v states number

See next page
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Question 19

(@)

CALCULATOR-ASSUMED

(10 marks)

Trapezium OPQR has parallel sides PQ and OR. M is the midpoint of 0Q and N lies on QR
sothat RN: NQ = 1: 2.

Given that OP = p, OR = r and PQ = 2r, determine the following in terms of p and r.

(i)

(ii)

(i)

OM.

ON.

NM.

Solution

=Ep+r

Specific behaviours

v indicates half of 0Q
v’ correct vector

Solution

—_— —_— 1—>
ON = OR +3RQ
—_— 1 —_— —_ —_—
= OR +§(R0+0P+PQ)

1
=r+§(—r+p+2r)
4 1

=—-r+—-
3" T3P

Specific behaviours

v indicates OR and third of RQ
v’ correct vector

Solution

NM = OM — ON

= (zp+1)-(5r+30)
BAVLELY B TR
11
“eP 73"

Specific behaviours

v  indicates difference of (i) and (ii)
v’ correct vector

See next page

(2 marks)

(2 marks)

(2 marks)
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(b) Quadrilateral 0ABC is shown below, where P, @, R and S are the midpoints of the sides
0A, AB, BC and OC respectively. Let OP = a, A = b and 0S = c.

B
Q
A
R
p
0 S C
Show that PS = QR. (4 marks)
Solution
PS=c—a

— 1,
OR=2a+2b +EBC

1
=2a+2b +E(—2a—2b+2c)

=a+b+c

QR = OR - 0Q
=a+b+c—(2a+b)
=c—a
=PS

Specific behaviours
v vector PS

v vector%ﬁ
v vector OR
v vector QR

See next page
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Question 20 (6 marks)

The diagram shows a semi-circle, with diameter SR and centre O, circumscribed by triangle ABC,
in which £BAC = 42° and £BCA = 32°.

Determine, with reasons, the size of angles 2PRO and 4£PRQ.

B

A S 0 R C

Solution
2AOP =90 — 42 = 48° (£APO = 90°, tangent-radius)
2PRO = 48 + 2 = 24° (centre £=2Xcircumference 2)

£€0Q =90 — 32 = 58° (as LAOP)
20RQ = (180 — 58) = 2 = 61 (AOQR isosceles)
LPRQ = 61 — 24 = 37°

Specific behaviours

v LAOP
v LPRO
v’ reasoning
v 2ORQ
v 2PRQ
v’ reasoning

See next page
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Question 21
The sum of the first n terms of the sequence 2 +8 + 14+ 20 + -+ + (bn —4) isn(3n — 1).

(@)

(b)

Show that this statement is true when n = 5.

Solution
LHS =2+84+14+20+26=170

RHS =5(3(55)—-1)=5x14 =170

Hence statement true

Specific behaviours
v" shows sum of terms for LHS
v shows substitution in RHS and states true

Use mathematical induction to prove the statement is true forn € Z ,n = 5.

(8 marks)

(2 marks)

(6 marks)

Solution

Assume statement true when n = k:
24+8+14+20+--+(6k—4)=k(Bk—1)
Whenn =k + 1:

2+8+14+20+ -+ (6k—4)+(6k—4+6)=k(Bk—1)+ (6k—4+6)
= 3k? + 5k +2
=(k+1)Bk+2)
=k+1D@BKk+1)—-1)
=n(Bn—1)whenn=k+1

The statement is true for n = 5 and by induction,
the truth when n = k implies the truth whenn =k + 1
and hence the statement is true for n > 5.

Specific behaviours

v" assumed true forn = k

v" adds next term to both sides

v simplifies RHS

v’ factors k+1 out of RHS

v indicates true forn =k + 1

v/ summary statement including truth of n = 5

End of questions
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Additional working space

Question number:
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Additional working space

Question number:






